Recitation 1, Friday August 23rd - Fall 2019
1. Checking properties of preference relations-I. For each of the following preference
relations in the consumption of two goods (1 and 2): describe the upper contour set,
the lower contour set, the indi¤erence set of bundle (2,1), and interpret them. Then
check whether these preference relations are rational (by separately examining whether
they are complete and transitive), monotone, and convex.
(a) Bundle (x1 ; x2 ) is weakly preferred to (y1 ; y2 ), i.e., (x1 ; x2 ) % (y1 ; y2 ) if and only
if x1 > y1 1.
Let us …rst build some intuition on this preference relation. First, note that
an individual prefers a bundle x to another bundle y if and only if the …rst
component of bundle x, x1 , contains at least one unit less than the …rst
component of bundle y, i.e., x1 > y1 1. For instance, (2, 1) is preferred to
(2, 6) since x1 = 2 and y1 = 2, thus implying 2 > 2 1 = 1. Importantly,
the individual ignores the content of the second component when comparing
two bundles. Let us next describe the upper contour, lower contour, and
indi¤erence set of a given bundle, such as (2, 1). You can take any other
bundle of course! The upper contour set of this bundle is given by
U CS(2; 1) = f(x1 ; x2 ) % (2; 1) () x1
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while the lower contour set is de…ned as
LCS(2; 1) = f(2; 1) % (x1 ; x2 ) () 2

Finally, the consumer is indi¤erent between bundle (2,1) and the set of bundles where
IN D(2; 1) = f(x1 ; x2 )

(2; 1) () 1

x1

3g

Figure 1.1 depicts:
1. All bundles in R2+ such that x1
1, and thus belong to the U CS(2; 1),
i.e., the set of bundles that are weakly preferred to (2,1);
2. All bundles such that x1 3 and are therefore in the LCS(2; 1), i.e., the
set of bundles weakly preferred by (2,1); and
1

3. Those bundles in between, 1 x1
3, in the IN D(2; 1) are indi¤erent
between them and bundle (2,1). [Figure 1.1 represents the UCS, LCS
and IND sets, where all cuto¤s we found were on the x1 axis, since this
individual ignores the amount of x2 .]

Figure 1.1. UCS, LCS, and IND of bundle (2,1).

As a remark, this preference relation satis…es continuity. In particular,
continuity requires that both the upper and the lower contour sets are
closed, which is satis…ed given that they both contain their boundary
points.
Completeness. For this property to hold, we need that, for any pair of bundles
(x1 ; x2 ) and (y1 ; y2 ), either (x1 ; x2 ) % (y1 ; y2 ) or (y1 ; y2 ) % (x1 ; x2 ), or both
(i.e., (x1 ; x2 ) (y1 ; y2 )). Since this preference relation only depends on the
…rst component of every bundle, we have that, for every pair of bundles
(x1 ; x2 ) and (y1 ; y2 ), either:
1. x1

y1

2. x1 < y1

1, which implies that (x1 ; x2 ) % (y1 ; y2 ); or
1, which implies
y1 > x1 + 1 > x1

1;

and hence y1 > x1 1, thus ultimately yielding (y1 ; y2 ) % (x1 ; x2 ). Hence,
this preference relation is complete.
Additionally, note that this preference relation satis…es re‡exivity, since completeness implies re‡exivity, i.e., every bundle (x1 ; x2 ) is weakly preferred to
itself.
Transitivity. We need to show that, for any three bundles (x1 ; x2 ), (y1 ; y2 )
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and (z1 ; z2 ) such that
(x1 ; x2 ) % (y1 ; y2 ) and (y1 ; y2 ) % (z1 ; z2 ), then (x1 ; x2 ) % (z1 ; z2 )
This property does not hold for this preference relation. In order to show this
result, notice that a bundle (x1 ; x2 ) is preferred to another bundle (y1 ; y2 ) if
its …rst component, x1 , is larger than that of the other bundle, y1 , by less than
one unit, i.e., condition x1 y1 1 is equivalent to 1 y1 x1 . This condition
about the distance between x1 and y1 is depicted in the bottom left-hand side
of …gure 1.2. A similar argument can be extended to the comparison between
two bundles (y1 ; y2 ) and (z1 ; z2 ), where the former is preferred to the latter
if and only if the distance between their …rst components is smaller than
one, i.e., 1
z1 y1 ; also depicted at the bottom of …gure 1.2, but on the
right-hand side. Hence, for bundle (x1 ; x2 ) to be preferred to (z1 ; z2 ), i.e.,
(x1 ; x2 ) % (z1 ; z2 ), we need that the distance between their …rst components
is smaller than one, i.e., 1 z1 x1 ; as we next show with a counterexample.
Consider the following three bundles (notice that the second component of
every bundle is inconsequential, since the preference ordering only relies on a
comparison of the …rst component of every vector):
(x1 ; x2 ) = (5; 4)
(y1 ; y2 ) = (6; 1)
(z1 ; z2 ) = (7; 2)
First, note that (x1 ; x2 ) % (y1 ; y2 ) since the di¤erence in their …rst component
is smaller (or equal) to one unit, x1 y1 1 (i.e., 5 6 1). Additionally,
(y1 ; y2 ) % (z1 ; z2 ) is also satis…ed since y1 z1 1 (i.e., 6 7 1). However,
(x1 ; x2 )
(z1 ; z2 ) since the di¤erence between z1 and x1 is larger than one
unit, x1
z1 1 (i.e., 5 7 1). Hence, this preference relation does not
satisfy transitivity.
Monotonicity. This property is satis…ed for this preference relation. In particular, increasing the amount of good 1 yields a new bundle (x1 + "; x2 )
that is weakly preferred to the original bundle (x1 ; x2 ), i.e., the comparison
of their …rst component yields x1 + "
x1 1, or "
1, which holds
since " > 0 by assumption. Similarly, increasing the amount of the second
component produces a new bundle (x1 ; x2 + ") which is weakly preferred to
the original bundle (x1 ; x2 ). Recall that this individual compares bundles by
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evaluating the …rst component alone. Since in this case the amount of the
…rst component is una¤ected, then he is indi¤erent between bundle (x1 ; x2 )
and (x1 ; x2 +"); an indi¤erence that is allowed by the de…nition of monotonicity. Hence, the preference relation satis…es monotonicity. As a curiosity, note
that, while the preference relation satis…es monotonicity, it does not satisfy
strong monotonicity. Indeed, for this property to hold, we need that an increase in the amount of any of the goods yields a new bundle that is strictly
preferred to the original bundle (x1 ; x2 ). While this is true if we increase the
amount of good 1, it is not if we only increase the amount of good 2, thus
not satisfying strict monotonicity.
Convexity. This property implies that the upper contour set must be convex,
that is, if bundle (x1 ; x2 ) is weakly preferred to (y1 ; y2 ), (x1 ; x2 ) % (y1 ; y2 ),
then the convex combination of these two bundles is also weakly preferred to
(y1 ; y2 ),
(x1 ; x2 ) + (1

) (y1 ; y2 ) % (y1 ; y2 ) for any

In this case, (x1 ; x2 ) % (y1 ; y2 ) implies that x1
(1
) (y1 ; y2 ) % (y1 ; y2 ) implies
x1 + (1

) y1

y1

y1

2 [0; 1]

1; whereas (x1 ; x2 ) +

1

which simpli…es to x1
y1 1. However, the premise from (x1 ; x2 ) %
(y1 ; y2 ), i.e., x1
y1 1, entails that x1
y1 1 must also hold. (To
see that, note that x1
y1 1 can be written as (x1 y1 ) + 1
0, while
x1
y1 1 can be expressed as (x1 y1 ) +1 0, where (x1 y1 ) +1
(x1 y1 ) + 1 since 2 [0; 1].) Therefore, (x1 y1 ) + 1
0 is a su¢ cient
condition for (x1 y1 ) + 1
0, ultimately implying that x1
y1 1
must hold. Hence, this preference relation is convex.
(b) Bundle (x1 ; x2 ) is weakly preferred to (y1 ; y2 ), i.e., (x1 ; x2 ) % (y1 ; y2 ), if x1
and x2 y2 + 1.

y1 1

Let us …rst build some intuition on this preference relation. Similarly as the
preference relation we …rst analyzed, the individual prefers bundle x to y if
the …rst component of x is larger than that of y in less than one unit, i.e.,
x1 > y1 + 1 or 1 > y1 x1 ; but in addition, he must …nd that the di¤erence
between their second components is larger than one unit, i.e., x2 6 y2 + 1 or
1 6 y 2 x2 .
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Let us next …nd the upper contour, lower contour, and indi¤erence set of a
given bundle, such as (2, 1). The upper contour set of this bundle is given by
U CS(2; 1) = f(x1 ; x2 ) % (2; 1) () x1

2

= f(x1 ; x2 ) : x1

2g

1 and x2

1 and x2

1 + 1g

which is graphically represented in …gure 1.2 by all those bundles in the lower
right-hand corner (below x2 = 2 and to the right of x1 = 1). On the other
hand, the lower contour set is de…ned as
LCS(2; 1) = f(2; 1) % (x1 ; x2 ) () 2
= f(x1 ; x2 ) : x1

x1

3 and x2

1 and 1

x2 + 1g

0g

which is depicted in …gure 1.2 by all those bundles in the left half of the
positive quadrant (above x2 = 0 and to the left of x1 = 3). Finally, the
consumer is indi¤erent between bundle (2,1) and the set of bundles where
IN D(2; 1) = f(x1 ; x2 )

(2; 1) () 1

x1

3 and 0

x2

2g

graphically, represented by the rectangle in the bottom center of the …gure,
for all x2 2 and 1 x1 3.

Figure 1.2. UCS, LCS and IND of bundle (2,1).

Completeness. From the above analysis it is easy to note that completeness
is not satis…ed, since there are bundles in the area x1 > 3 and x2 > 2 where
our preference relation does not specify if they belong to the upper contour
set, the lower contour set, or the indi¤erence set of bundle (2, 1). Hence, any
bundle in the unshaded region where x1 > 3 and x2 > 2 (in the top right-hand
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corner of …gure 1.2) would be incomparable with (2, 1). Another way to prove
that completeness does not hold is by …nding a counterexample. In particular,
we must …nd an example of two bundles such that neither (x1 ; x2 ) % (y1 ; y2 )
nor (y1 ; y2 ) % (x1 ; x2 ). Let us take, for instance, two bundles,
(x1 ; x2 ) = (1; 2) and (y1 ; y2 ) = (4; 6)
We have that:
1. (x1 ; x2 ) (y1 ; y2 ) since 1 4 1 for the …rst component of the bundle
(and we need x1 yn 1 for (x1 ; x2 ) % (y1 ; y2 ) to hold), and
2. (y1 ; y2 ) (x1 ; x2 ) since 6 2 + 1 for the second component of the bundle.
Hence, for these are two bundles neither (x1 ; x2 ) % (y1 ; y2 ) nor (y1 ; y2 ) %
(x1 ; x2 ), which implies that this preference relation is not complete.
Transitivity. We need to show that, for any three bundles (x1 ; x2 ), (y1 ; y2 )
and (z1 ; z2 ) such that
(x1 ; x2 ) % (y1 ; y2 ) and (y1 ; y2 ) % (z1 ; z2 ), then (x1 ; x2 ) % (z1 ; z2 )
This property does not hold for this preference relation. In order to show
that, let us consider the following three bundles (that is, we are …nding a
counterexample to show that transitivity does not hold):
(x1 ; x2 ) = (2; 1)
(y1 ; y2 ) = (3; 4)
(z1 ; z2 ) = (4; 6)
First, note that (x1 ; x2 ) % (y1 ; y2 ) since the distance between their …rst components is not larger than one unit x1 y1 1 (i.e., 2 3 1), and the distance between the second components is larger than one unit x2 y2 +1 (i.e.,
1 4 + 1). Additionally, (y1 ; y2 ) % (z1 ; z2 ) is also satis…ed since y1 z1 1
for the …rst component (i.e., 3 4 1), and y2 z2 + 1 for the second component (i.e., 3 4 + 1). However, (x1 ; x2 ) (z1 ; z2 ) since the di¤erence of the
…rst components is strictly larger than one unit x1 z1 1 (i.e., 2 4 1).
Hence, this preference relation does not satisfy Transitivity.
Monotonicity. For this property to hold, we need that an increase in the
amounts of one good yields a new bundle that is weakly preferred to the
original bundle. Indeed, if we increase the amount of good 1 by " > 0 to create
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bundle (x1 + "; x2 ), we have that the …rst component satis…es x1 + " > x1 1,
i.e., " > 1, and the second component satis…es x2 6 x2 + 1, i.e., 0 6 1. If
we only increase the amounts of good 2, a similar argument applies. Finally,
if we increase the amounts of both goods 1 and 2 simultaneously, according
to the de…nition of monotonicity we need that the newly created bundle is
strictly preferred to the initial bundle, i.e., (x1 + "; x2 + ) (x1 ; x2 ) where
constants "; > 0 are allowed to di¤er for each good. For this relationship to
hold, note that we need that: (1) the …rst components satisfy x1 + " x1 1,
or "
1 (which holds by de…nition); and (2) the second components satisfy
x2 +
x2 + 1, which implies
1 (which does not necessarily hold by
assumption). Therefore, for this preference relation to be monotonic, we
need that
1. In other words, if good 2 is increased by more than one
unit, the preference relation is not monotonic.
For instance, if the amount of both goods is increased by two units, i.e.,
" =
= 2, the new bundle (x1 + 2; x2 + 2) is not necessarily preferred
to the original bundle (x1 ; x2 ) since the condition on the …rst component,
x1 + 2 x1 1, holds but that on the second component, x2 + 2 x2 + 1,
does not.
Convexity. This property implies that the upper contour set must be convex.
That is, if bundle (x1 ; x2 ) is weakly preferred to (y1 ; y2 ), (x1 ; x2 ) % (y1 ; y2 ),
then the convex combination of these two bundles is also weakly preferred to
(y1 ; y2 ),
(x1 ; x2 ) + (1

) (y1 ; y2 ) % (y1 ; y2 ) for any

In this case, (x1 ; x2 ) % (y1 ; y2 ) implies that x1
y1
whereas (x1 ; x2 ) + (1
) (y1 ; y2 ) % (y1 ; y2 ) implies

2 [0; 1]
1 and x2

y2 + 1;

1 for the …rst component, and

x1 + (1

) y1

y1

x2 + (1

) y2

y2 + 1 for the second component;

which respectively can be rewritten as
(x1

y1 )

(x2

y2 )

1, and
1

In addition, the condition on the …rst component x1 y1 > 1 (or alternatively, x1 > y1 1) holds by assumption since (x1 ; x2 ) % (y1 ; y2 ). Similarly, the
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condition on the second component x2 y2 6 1 (or alternatively, x2 6 y2 + 1)
is also satis…ed by (x1 ; x2 ) % (y1 ; y2 ). Hence, the preference relation satis…es
convexity.
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